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13

\ t i t l e {Riemann Zeta Function : Recreated in LaTeX from Wikipedia A r t i c l e
}

15 \maket i t l e

17 \begin { abs t ra c t }
I have r e c r ea t ed the a r t i c l e mentioned above to l e a rn more about

composing mathematics a r t i c l e s us ing LaTeX . And what a f a s c i n a t i n g
sub j e c t ! I c e r t a i n l y don ’ t understand much o f i t but admire minds
that can . Here i s the o r i g i n a l a r t i c l e :\ u r l {https :// en . wik iped ia .
org /wik i /Riemann zeta funct ion }

19 \end { abs t ra c t }

21

\ s e c t i o n { In t roduct i on }
23 The Riemann zeta func t i on or Euler−Riemann zeta funct ion , $\ zeta ( s ) $ , i s

a func t i on o f a complex va r i ab l e s that a n a l y t i c a l l y cont inues the
sum of the i n f i n i t e s e r i e s

\begin{ equat ion }
25 \ zeta ( s )− {\sum { i =1}ˆ{\ i n f t y }}\\\ ;\ f r a c {1} {nˆ s}
\end{ equat ion }

27 which converges when the r e a l part o f s i s g r e a t e r than 1 . More gene ra l
r e p r e s en t a t i o n s o f $\ zeta ( s ) $ f o r a l l s are g iven below .

The Riemann zeta func t i on p lays a p i v o t a l r o l e in ana l y t i c number theory
and has app l i c a t i o n s in phys ics , p r obab i l i t y

29 theory , and app l i ed s t a t i s t i c s .

31 This funct ion , as a func t i on o f a r e a l argument , was introduced and
stud ied by Leonhard Euler in the f i r s t h a l f o f the

e i ghteenth century without us ing complex ana ly s i s , which was not
a v a i l a b l e at that time . Bernhard Riemann in h i s a r t i c l e

33 ”On the Number o f Primes Less Than a Given Magnitude” publ i shed in 1859
extended the Euler d e f i n i t i o n to a complex

var i ab l e , proved i t s meromorphic cont inuat i on and f un c t i ona l equat ion
and e s t ab l i s h ed a r e l a t i o n between i t s z e ro s and

35 the d i s t r i b u t i o n o f prime numbers .

37 The va lues o f the Riemann zeta func t i on at even p o s i t i v e i n t e g e r s were
computed by Euler . The f i r s t o f them , $\ zeta ( s ) $ prov ides a
s o l u t i o n to the Base l problem . In 1979 A p r y proved the
i r r a t i o n a l i t y o f $\ zeta ( s ) $ . The va lues at negat ive i n t e g e r points ,
a l s o found by Euler , are r a t i o n a l numbers and play an important

r o l e in the theory o f modular forms . Many
g e n e r a l i z a t i o n s o f the Riemann zeta funct ion , such as D i r i c h l e t s e r i e s ,

D i r i c h l e t L−f unc t i on s and L−funct ions , are known .
39

\begin{ equat ion }
41 \ zeta ( s ) \:= {\sum { i =1}ˆ{\ i n f t y }}\ :\ f r a c {1}{nˆ s }\:= \ :\ f r a c {1}{1ˆ s }\:+ \

f r a c {1}{2ˆ s }\ :+\ :\ f r a c {1}{3ˆ s \:}+ \ do t s i \hspace { . 5cm}\ sigma \ :=\ :\
Re( s )> 1 .

\end{ equat ion }
43 I t can a l s o be de f ined by the i n t e g r a l
\begin{ equat ion }

45 \ zeta ( s ) \ :=\ :\ f r a c {1}{\Gamma( s ) }\ :\ i n t {0}ˆ{\ i n f t y }\ ;\ f r a c {xˆs−1}{eˆx
−1}\ ,dx
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\end{ equat ion }
47 where $\Gamma( s ) $ i s the gamma func t i on .

The Riemann zeta func t i on i s de f ined as the ana l y t i c cont inuat i on o f the
func t i on de f ined f o r $\ sigma > 1$ by the sum of the

49 preced ing s e r i e s .
Leonhard Euler cons ide red the above s e r i e s in 1740 f o r p o s i t i v e i n t e g e r

va lues o f s , and l a t e r Chebyshev extended the
51 d e f i n i t i o n to r e a l $s > 1$ .

The above s e r i e s i s a p r o t o t yp i c a l D i r i c h l e t s e r i e s that converges
ab so l u t e l y to an ana l y t i c func t i on f o r s such that $\ sigma > 1$

53 and d iv e r g e s f o r a l l other va lues o f s . Riemann showed that the func t i on
de f ined by the s e r i e s on the ha l f−plane o f

convergence can be cont inued a n a l y t i c a l l y to a l l complex va lues $s /ne 1
$ . For $s = 1$ the s e r i e s i s the harmonic s e r i e s which

55 d iv e rg e s to $+ˆ\ i n f ty$ , and

57 \begin{ equat ion }
\ l im {x \ to 1}( s−1) \ ; (\ zeta ( s ) )=1

59 \end{ equat ion }
Thus the Riemann zeta func t i on i s a meromorphic func t i on on the whole

complex s−plane , which i s holomorphic everywhere except f o r a
s imple po le at $s=1$ with r e s i due 1 .\ vspace { . 2cm}

61

\begin{ f i g u r e } [ hbtp ]
63 \ capt ion {Riemann zeta func t i on f o r r e a l s > 1}

\ c en t e r i ng
65 \ i n c l udeg raph i c s [ s c a l e =.6]{Mplwp r i emann ze ta r ea l po s i t i v e }

\end{ f i g u r e }
67

For any p o s i t i v e even i n t e g e r 2n :
69 \begin{ equat ion }

\ zeta \ , (2n)=\:\ f r a c{−nˆnˆ+ˆ1\; B 2 n (2\ pi ) ˆ2ˆn}{2(2n) !}
71 \end{ equat ion }

73 where $B2n$ i s a Be rnou l l i number .
\vspace { . 2cm}

75 For negat ive i n t eg e r s , one has
\begin{ equat ion }

77 \ zeta (−n)=−\ f r a c {B n − 1 }{n+1}
\end{ equat ion }

79

f o r $n \geq 1$ , so in p a r t i c u l a r $\ zeta $B m = 0$ f o r a l l odd $m$ other
than $1$ . For odd p o s i t i v e i n t eg e r s , no such s imple expr e s s i on i s
known , although these va lues are thought to be r e l a t e d to the
a l g e b r a i c K−theory

81 o f the i n t e g e r s ; s ee Spe c i a l va lues o f L−f unc t i on s .

83 Via ana l y t i c cont inuat ion , one can show that

85 \begin{ equat ion }
\ zeta (−1)= −\ f r a c {1}{12}

87 \end{ equat ion }
g i v e s a way to a s s i gn a f i n i t e r e s u l t to the d ive rgent s e r i e s $1 + 2 + 3

+ 4 + \ l d o t s $ which can be u s e f u l in c e r t a i n context s such as
s t r i n g theory .

89

\begin{ equat ion }
91 \ zeta (0 )=−\ f r a c {1}{2}
\end{ equat ion }

93 \begin{ equat ion }
\ zeta (\ f r a c {1}{2})\approx −1.4603545)

95 \end{ equat ion }
This i s employed in c a l c u l a t i n g o f k i n e t i c boundary l ay e r problems o f

l i n e a r k i n e t i c equat ions .
97

\begin { equat ion }
99 \ zeta (1 )= 1+\ f r a c {1}{2} + \ f r a c {1}{3}+ \ l d o t s = \ i n f t y
\end{ equat ion }
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101 i f we approach from numbers l a r g e r than 1 . Then t h i s i s the harmonic
s e r i e s . But i t s Cauchy p r i n c i p a l va lue

103 \begin { equat ion }
\ l im {x \ to 0}\ f r a c {\ zeta (1+\ va r ep s i l on ) + \ zeta (1−\ va r ep s i l on )} {2}

105 \end{ equat ion }
e x i s t s which i s the E u l e r M a s c h e r o n i constant $\gamma=.05772 . . . . $

107 \\

109 \ t ex tb f {This ends the sample document . Go to \ u r l {https :// en . wik iped ia .
org /wik i /Riemann zeta funct ion } to read the e n t i r e Wikipedia
document .}

111 \end{document}
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